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Abstract 

This paper finds a classification, up-to an isomorphism, of abelian 
torsion groups realizable as Brauer groups of major types of Henselian 
valued primarily quasilocal fields with totally indivisible value groups. 
When iJ is a quasilocal field with such a valuation, it shows that the 
Brauer group of E is divisible and embeddable in the quotient group of 
the additive group of rational numbers by the subgroup of integers. 

1 Introduction and statement of the main result 

A field K is said to be primarily quasilocal (abbr, PQL), if every cyclic extension 
F oi K is embeddable as a subalgebra in each central division if-algebra D of 
Schur index ind(-D) divisible by the degree [F: K]; we say that K is quasilocal, 
if its finite extensions are PQL-fields. This paper is devoted to the study of 
the Brauer group }ii-{K) when K is PQL and possesses a Henselian valuation 
V. It determines the structure of the p-componcnt Br(if)p of Br{K), for a given 
prime number p, under the hypothesis that the value group v{K) of {K, v) is 
p-indivisible, i.e. v{K) ^ pv{K). This enables us to describe the isomorphism 
classes of Brauer groups of Henselian PQL-fields with totally indivisible value 
groups (i.e. p-indivisible, for each prime p), and to do the same in the special 
case where the considered valued fields are quasilocal. The method of proving 
our main results makes it possible to establish the existence of new types of 
Henselian real-valued quasilocal fields, which make interest in the context of the 
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recently posed problem of characterizing central division algebras over finitely- 
generated fields F by their splitting fields of finite degree over F (see Proposition 
6.5 and the comment on Remark 6.6). 

The basic notation, terminology and conventions kept in this paper are stan- 
dard and virtually the same as in [5^, I, and IS]. Throughout, Brauer and value 
groups are written additively, Galois groups are viewed as profinite with re- 
spect to the Krull topology, and by a profinite group liomomorphism, we mean 
a continuous one. As usual, Q/Z denotes the quotient group of the additive 
group of rational numbers by the subgroup of integers. We write P for the set 
of prime numbers, and for each p £ P, Fp is a field with p elements, Zp is the 
additive group of p-adic integers and Z(p°°) is the quasicyclic p-group. For any 
profinite group G, we denote by cd(G') the cohomological dimension of G, and 
by cdp(G) its cohomological p-dimension, for each p e P. Given a field E, Egcp 
denotes a separable closure of E, Qe = G{Escp/E) is the absolute Galois group 
of E, 11(E) = {p e P: cdpiGE) 0} and F{E) is the set of those p e P, 
for which E is properly included in its maximal p-extension E{p) in Egcp- In 
what follows, for any p G F{E), r{p)E denotes the rank of Q{E{p)/E), i.e. the 
cardinality of any minimal system of generators of Q{E{p) / E) as a profinite 
group; we put r{p)E = in case p ^ P{E). We write s{E) for the class of 
finite-dimensional central simple i?-algebras, d{E) stands for the class of divi- 
sion algebras D e s{E), and for each A 6 s{E), [A] is the similarity class of 
A in Bt{E). For any field extension E'/E, we denote by I{E'/E) the set of 
its intermediate fields, and by Pe'/e the scalar extension map of Br(iJ) into 
Br(£^'). When E'/E is finite and separable. Cor e'/e denotes the corestriction 
homomorphism of Br(i?') into Br(£'). For convenience of the reader, we recall 
that E is said to be stable, if each D G d{E) has exponent exp(L') equal to 
ind(_D); we say that E is absolutely stable, if its finite extensions are stable 
fields. The field E is called p-quasilocal, for some p G F, if one of the following 
conditions holds: (i) Br(£')p ^ {0} or p ^ P{E)] (ii) every extension of E in 
E{p) of degree p is embeddable as an i5-subalgebra in each Ap G d{E) of index 
p. By [5], I, Theorem 4.1, E is PQL if and only if it is p-quasilocal, for each 
p G P{E). In this paper, we use at crucial points the following characterization 
of the p-quasilocal property (which is obtained as a consequence of |H] , I, The- 
orems 3.1 (i)-(ii) and 4.1, and the general restriction-corestriction (abbr, RC) 
formula for Brauer groups, see, e.g., [4^, Theorem 2.5): 

(1.1) A field E is p-quasilocal, for some p G F, if and only if Corjv//_E maps 
Br(M)p injectively into Br(£')p, for each finite extension M of i? in E{p). When 
this is the case and Br(£')p is divisible. Got m/e maps Br(Af)p bijectively upon 
Br(£')p, for every M of the considered type. 

The present research is naturally incorporated in the study of Brauer groups 
of the basic types of stable fields. This problem has two major aspects. In the 
first place, the structure of Br(i^) of stable fields F makes interest in the context 
of index-exponent relations in central simple algebras over arbitrary fields (cf. 
[31], Sects. 14.4 and 19.6). In the absolutely stable case, the discussed problem 
is also related to the study of cohomological properties of Qe (see [31], Sect. 
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14.6, and [5], I, Theorem 8.1). Secondly, the description of Br(L), for a given 
stable field L, usually reflects adequately an essential part of the specific nature 
of L. Note in this connection that important classes of stable fields L have been 
singled out by analyzing special properties of L. In particular, this applies to 
the absolute stability of global fields (cf. (32.19), function fields of algebraic 
curves defined over a PAC-field 15 , function fields of algebraic surfaces over an 
algebraically closed field of zero characteristic |23] (see also [26]), and quasilocal 
fields [S], 1, Proposition 2.3. In these cases, cd{GL(^^/^^) < 2 (cf. [40], Ch. II, 
3.3 and 4.1, and [5], I, Sect. 4), which ensures that Br(L) is a divisible group 
unless L is formally real (see [40], Ch. 11, 2.3, and [12], page 110). The study 
of the stability property in the class of Henselian fields (K, v) sheds new light 
on the considered problem. As it turns out, the residue field K of {K, v) is 
PQL whenever K is stable and the value group v{K) is totally indivisible [8], I, 
Proposition 2.1. Moreover, these conditions frequently ensure that K is almost 
perfect, i.e. its finite extensions have primitive elements (cf. 4 , Theorem 2.1, 
and [2, 1, (1-8) and Proposition 2.3). The relations between v{K) and K make 
it possible to characterize basic classes of Henselian stable fields (see Proposition 
2.2 and (4j, Theorem 3.1 and Sect. 4). They also show explicitly how Brauer 
and character groups of PQL-fields determine the structure of Brauer groups of 
stable fields (see Remark 2.4 and [S], II). 

Brauer groups of PQL-fields also have strong influence on the study of the 
norm groups of their finite abelian extensions. Specifically, this applies to the 
relations described by the second part of the following assertion (cf . [9] , Theo- 
rem 3.1, and |8], I, Lemma 4.2 (ii)): 

(1.2) Let E' be a p-quasilocal field, flp{E) the set of finite abelian exten- 
sions of E in E{p), Ni{E) the set of norm groups of E, and pBr(i?) = {b G 
Bt{E): pb = 0}. Then: 

(i) The natural mapping of flpiE) into Nr{E) (by the rule M N{M/E), 
M g Vlp{E)) is injective, and for each Mi, M2 G ftp{E), the norm group (over 
E) of the compositum M1M2 equals the intersection N{Mi/E) n N{M2/E), 
and N{Mi n M2/E) = N{Mi/E)N{M2/E). 

(u) For each M S flp{E), the quotient group E* /N{M/E) decomposes into 
a direct sum g{M/E)'^'-P^ of isomorphic copies of the Galois group Q{M/E), 
indexed by a set of cardinality d(p), the dimension of pBr(i5) as a vector space 
over Fp. In particular, if Bt{E)p = {0}, then N{M/E) = E*. 

When is a PQL-field and L/E is a finite abelian extension, it follows from (1.2) 
(ii) and [9], Lemma 2.1, that E*/N{L/E) is isomorphic to the direct product 
of the groups E*/N{Lp/E): p e P{E),p \ [L: E], where = i n E(j)), for 
each admissible p. This is an analogue to the local reciprocity law whose form is 
determined by the sequence d{p) : p G P{E), defined in (1.2) (ii). It is therefore 
worth noting that an abelian torsion group is isomorphic to Br($), for some 
PQL-field $ = "I>(T) if and only if one of the following conditions holds (see 
[To] . Sect. 1 and Proposition 6.4): 
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(1.3) (i) T is divisible; then $ is nonreal and can be chosen among those 
quasilocal fields, for which the maps $' G /(^sop/^"), are surjective; 

(ii) The 2-component T2 is of order 2 and the p-components Tp, p £ (P\ {2}), 
are divisible; in this case, $ is formally real. 

Since the notion of a quasilocal field extends the one of a local field and de- 
fines a class containing such frequently used representatives as p-adically closed 
fields and Henselian discrete valued fields with quasifinite residue fields (cf . [41] , 
Ch. XIII, Sect. 3, and [34], Theorem 3.1 and Lemma 2.9), these facts attract 
interest in the role of Henselian valuations for arbitrary quasilocal fields. The 
main results of this paper, stated below, enable one to evaluate this role by com- 
paring (1.3) with the structure of Br(i4r) when {K^v) is a Henselian quasilocal 
field, such that v{K) is totally indivisible (see also Corollaries 5.3 and 5.4): 

Theorem 1.1. Let {K,v) be a Henselian p- quasilocal field with v{K) =/= pv{K), 
for some p g P. Then: 

(i) JiT(K)p is trivial or isomorphic to Tj(jf^) except, possibly, in the case 
where r{p)K — 1, char(A') 7^ p and K does not contain a primitive p-th root of 
unity; 

ill) K is subject to the following alternative relative to v: 

{a) There exists a "Lp-extension I^o of K in K{p), such Voo{Ioo) = v{K) and 

the residue field of (/oc'^oo) is separable over K, where Voo is the unique, up-to 

an equivalence, valuation of loa extending v; 

(/3) Finite extensions of K in K{p) are totally ramified; 

(iii) When p G P{K), Br(i^)j, = {0} if and only if finite extensions of K in 
K[p) are totally ramified and the group v{K)/pv{K) is of order p. 

When p ^ char(^) and Br(iv:)p ^ {0}, the isomorphism Br(i^)p = Z(p°°) 
is established in Section 4 by proving the following assertion: 

(1.4) If p 7^ c\ia,i{K) and K contains a primitive p-th root of unity, then 
Q{K{p) / K) is a Demushkin group (in the sense of [40]) with r{p)K = 2 or is 
isomorphic to Zp depending on whether or not Br{K)p ^ {0}. 

The proof of Theorem 1.1 (i) in the case where char(i^) — p and there exists 
an immediate cyclic extension I/K of degree p is presented in Section 3 (the 
realizability of this special case is demonstrated by Proposition 6.2). This part of 
the proof is based on the divisibility of Br{K)p (see Lemma 3.3 (i)) as well as on 
(1.2) (i) and general properties of Henselian valuations and isolated subgroups of 
their value groups. The rest of the proof of Theorem 1 . 1 is contained in Section 4. 
When p = char(_fir), we adapt to our setting the proof of [43], Theorem 3.1. Our 
argument also relies on (1.2) and on the method of proving the main results of 
[5], I. The remaining part of the paper presents consequences of the main result. 
In Section 5, we describe the isomorphism classes of Brauer groups of Henselian 
PQL-ficlds {K, v) such that v{K) is totally indivisible (see Corollary 5.5, (5.2) 
and (5.3)). When K is quasilocal, we also prove the cyclicity of every D G 
d{K) (see Corollary 5.3). In Section 6, we complete the characterization of the 
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quasilocal property in the class of Henselian fields with totally indivisible value 
groups, started in [5], I; also, we give a criterion for divisibility of Brauer groups 
of quasilocal fields, and for defectlessness of their finite separable extensions. 

2 Preliminaries on Henselian valuations and com- 
pletions 

Let K he a field with a nontrivial (KruU) valuation v, Oy{K) = {a E K : v{a) > 
0} the valuation ring of {K,v), My{K) = e K: v{^) > 0} the unique 
maximal ideal of Oy, v{K) and K the value group and the residue field of 
{K,v), respectively, lSy{K) the set of isolated subgroups of v{K) and lSy{K) = 
ISy{K)\{v{K)} . It is well-known that, for each H G lSy{K), the ordering oiv{K) 
induces canonically on v{K)/H a structure of an ordered group, and one can 
naturally associate with v and H a valuation vh of K with Vh{K) — v{K)/H. 
Unless specified otherwise, Kh wiU denote the residue field of {K,vh), tjh 
the natural projection Oy^{K) — > Ku, and vr the valuation of Kh induced 
canonically by v and H. The valuations w, vh and vr are related as follows 
(see [16], Proposition 5.2.1): 

(2.1) (i) vh{Kh) = H, Kh is isomorphic to K and r/H induces a surjec- 
tive homomorphism of Ov{K) upon Ov„{Kh)', when H is divisible, v{K) is 
isomorphic to the lexicographically ordered direct sum vh{K) © vh{Kh)', 

(ii) If v{K) properly includes the union H{K) of the groups from Isu(iir), 
then vh{k) is real-valued. 

Recall further that the topology of K induced by vh does not depend on the 
choice of H and the mapping of Ist, {K) on the set Vy of subrings of K including 
Oy, defined by the rule X Oyj^{K), X £ lSy{K), is an inclusion-preserving 
bijection. By Holder's theorem (cf. , Theorem 2.5.2), lSy{K) — {0} if and 
only if v{K) is Archimedean, i.e. it embeds as an ordered subgroup in the 
additive group K of real numbers. When this is the case, we identify v{K) with 
its isomorphic copy in M. 

We say that {K, v) is Henselian, if the valuation v is Henselian, i.e. v is 
uniquely, up-to an equivalence, extendable to a valuation vl on each algebraic 
field extension LjK. In order that v is Henselian, it is necessary and sufficient 
that the Hensel-Rychlik condition holds (cf. [H], Sect. 18.1): 

(2.2) Given a polynomial /(^) G Oy(K)\X\, and an element a £ Oy(K), 
such that 2v{f'{a)) < v{f{a)), where /' is the formal derivative of /, there is a 
zero c e Oy{K) of / satisfying the equality v{c — a) — v{f{a)/f'{a)). 

When v{K) is not Archimedean, the Henselian property can be also charac- 
terized as follows (see, e.g., [11], Sect. 2): 

Proposition 2.1. Let {K,v) be a valued field, and let H £ \Sy{K). Then v is 
Henselian if and only if vh and vh are Henselian. 
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When V is Henselian and L/fC is an algebraic extension, vl is also Henselian 
and extends uniquely to a valuation vd on each D G d{L). Denote by D the 
residue field of {D,vd), put v{D) = vd{D), and let e{D/K) be the ramification 
index of D/K , i.e. the index of v{K) in v{D). By the Ostrowski-Draxl theorem 
[13], [D: K], [D: K] and e{D/K) are related as follows: 

(2.3) [D: K] is divisible by [D: K]e{D/K) and [D: K]/{[D: K]e{D/K)) is 
not divisible by any p £F, p ^ char(i4r). 

The i^-algebra D is said to be defectless, if [D: K] = [D: K]e{D/K), and 
it is called totally ramified, if e{D/K) = [D: K]. The following lemma, proved 
in [TT], Sect. 6, characterizes the case in which v{K) ^ pv{K) and I{K{p)/K) 
does not contain totally ramified extensions of K, for a given p gF. 

Lemma 2.2. Let {K,v) he a Henselian field with v{K) ^ pv{K), for some 
p G P. Then K is subject to the following alternative relative to v: 

(i) There exists a field $ e I{K{p)/K), such that [^■. K] = p and <^ / K is 
totally ramified; 

ill) c\iai{K) = Q, K does not contain a primitive p-th root of unity and the 
minimal group from ls'^{K) containing v{p) is p-divisihle. 

Let V be Henselian and 1ti{K) be the class of inertial if-algebras (i.e. those 
division i^T- algebras D, for which [D: K] = [D: K] G N and Z/K is a finite 
separable extension, where Z is the centre of D). Then: 

(2.4) (i) For each finite-dimensional division i^T-algebra A whose centre is 
separable over K, there exists A G ln{K) with A = A over K] A is uniquely 
determined by A, up-to a if-isomorphism [5T], Theorem 2.8 (a) (and is called 
an inertial lift of D over K). 

ill) In order that an inertial field extension Y/ K is a. Galois extension, it is 
necessary and sufficient that Y /K is Galois; when this occurs, the Galois groups 
Q{Y/K) and Q{Y / K) are canonically isomorphic (cf. I5T|, page 135). 

(iii) The set IBr(i\:) = {[/]: / G ln{K)} forms a subgroup of Bi:{K), which 
is canonically isomorphic to Jii:{K) (cf. ;21], Theorem 2.8 (b)). 

Assuming as above that v is Henselian, let D be an arbitrary finite-dimensional 
division iC-algebra, a completion of D with respect to the topology induced 
by u, and Z{D) the centre of D. It is known that there is a close relation- 
ship between finite-dimensional division i^T-algebras and the corresponding K^- 
algebras, described in part by the following statement: 

(2.5) (i) K is separably closed in and the valuation v of continuously 
extending v is Henselian; 

(ii) The natural mapping of D ®k Ky into Dy is a if^-isomorphism when- 
ever Z{D)/K is separable; hence, Pk/k^ is injective and preserves indices and 
exponents; 
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(iii) A finite extension L of K in Kgcp embeds in an algebra U G d(K) if and 
only if embeds in over K^. 

Note also the following characterization of finite extensions of Ky in -ftT^^sop, 
in case v is Henselian (cf. [3], Ch. VI, Sect. 8, No 2, and [21], page 135): 

(2.6) (i) Every finite extension L of Ky in Ky^scp is -R'u-isomorphic to L^kK^ 
and Ly, where L is the separable closure oi K vn L; L/Ky is Galois if and only 
if L/K is Galois; when this holds, Q{L/Ky) = Q{L/K) (canonically) . 

(ii) Kscp ®K Ky is a field, i^sop ®k Ky = if^^sep and Qk = Gk^ ■ 

Statements (2.5) reduce the study of index-exponent relations in central 
division algebras over a Henselian field {K, v) to the special case in which K = 
Ky. Combining, for instance, (2.5) and (2.6) (i) with jlS], Proposition 2.1, and 
[3], Theorem 3.1, one obtains the following result: 

Proposition 2.3. Let (K, v) be a Henselian discrete valued field. Then: 

(i) K is stable, provided that K is almost perfect, stable and PQL. 

(ii) K is absolutely stable if and only if K is quasilocal and almost perfect. 

Remark 2.4. Statement (1.3) and the method of proving it in flO}/ . combined 
with Proposition 2.2 and Scharlau's generalization of Witt's decomposition theo- 
rem 1381, make it possible to study effectively the structure of the Brauer groups 
of various types of stable fields (see also JBj, II, Sect. 3 and Lemma 2.3, for 
the relations between Br{E) and the character group ofQE). Specifically, they 
enable one to find series of absolutely stable fields F with Henselian valuations 
and indivisible groups Br{F), for infinitely many p G P (see Corollary ^.7, 
and U Uf . Proposition 6.8). 

Let us note that, for every Henselian field [K, v) with char(_ft') — p and 
v{K) ^ pv{K), r{p)K = oo, i.e. Q{K{p)/ K) is not finitely-generated as a 
pro-p-group (cf. [TT], Remark 4.2). Therefore, the following two propositions 
(proved in [TT], and generalizing [31], (2.7)) fully characterize the case where 
t{p)k G N. The characterization depends on whether or not the minimal group 
G{K) e ls'y{K) containing v{p) is p-divisible. 

Proposition 2.5. Let {K,v) be a Henselian field with char(i4') = 0, char(_fi') = 
p > and G{K) = pG{K), and let e be a primitive p-th root of unity in Kgep. 
Then r{p)ii G N if and only iff{p)Ko(K) ^ ■'^^ '^"■'^ ''"■^ of the following conditions 
holds: 

(i) v{K) — pv(K) or e ^ K; in this case, finite extensions of K in K{p) are 
inertial relative to Vq{^k) 0,'^d Q{K{p)/K) ^ GiKQ(^f^)(p)/KQ(^x))i 

(ii) e £ K and v{K) /pv{K) is of order p'^ , for some r G N; in this case, 
Q(K{p)/ K) is isomorphic to a topological semi-direct product 

Z;xg{KG(K)ip)/KG(K))- 

When r{p)K K is perfect, G{Kq(^k-){p) / Kq(^x)) is a trivial or a free pro-p- 
group, and either p G P{K) or Kq(^x){p) / Kg{k) immediate relative to Vg{K)- 
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The concluding part of our next result is implied by (2.3), [13], Proposi- 
tion 2.2. 

Proposition 2.6. Let (K, v) be a Henselian field with char(i4r) = and char(7^) ~ 
p ^ 0. Then the following conditions are equivalent: 

(i) G{K) ^ pG{K) and r{p)K G N; 

(ii) K is finite, G{K) is cyclic, and in case K contains a primitive p-th root 
of unity, the group vg{k){K) Ip'>^g(K){K) is finite. 

When these conditions hold, finite extensions of K in ifsop are defectless. 

Corollary 2.7. Assume that {K,v) is a Henselian p-quasilocal field, such that 
chaT{K) —p, r{p)K > 2 and v{K)/pv[K) is noncyclic. Then: 

(i) v{K)/pv{K) is of order p^ and finite extensions of K in K(jp) are totally 
ramified; 

(ii) K contains a primitive p"-th root of unity, for each n £ N, and Q{K{p) / K) 
is isomorphic to the additive group with respect to its standard topology. 

Proof. Denote by Sp(i^) the set of extensions of K in K{j)) of degree p, and 
by Vp{K) the set of subgroups of v{K) properly including pv{K) and different 
from v{K). Let Ki and K2 be different elements of Yip{K). Then (1.2) (i) 
yields N{Ki/ K)N{K2/ K) ^ K* , which means that v{K) = pv{Ki) +pv{K2). 
In other words, it follows from (2.3) and the noncyclicity of v{K)/pv{K) that 
v{K)/pv{K) is of order p^ and the mapping of Yip{K) into Vp{K) by the rule 
L — > pv{L), L G TiplK), is well-defined and bijective. This observation proves 
that r{p)K = 2 and every L G Yjp{K) is totally ramified over K. It is now easy 
to see from (2.4) (i) that p ^ P{K). This implies K is infinite, so it follows 
from Proposition 2.6 and [TT], Remark 4.2, that chai{K) = and G{K) = 
pG{K). Applying Proposition 2.5, one obtains further that K is perfect and 
p i P{Kg(k))- Since char(KG(^)) = 0, vg{k) is Henselian and p ^ P{Kg(k)), 
this enables one to deduce from (2.3) that finite extensions of K in K{p) are 
totally ramified relative to WG(if) (and because of the equality G{K) = pG{K), 
they have the same property relative to v). In view of [B], Lemma 1.1, these 
observations show that K contains a primitive p"-th root of unity, for each 
n G N. As v{K) / pv{K) is of order p^ , it is now easy to see from Proposition 2.5 
that Q{K{p)/ K) = Zp, which completes the proof of Corollary 2.7. □ 

Remark 2.8. It is known that if {K, v) is a Henselian field satisfying the con- 
ditions of Proposition 2.6, then Br{KQ(^x)) ^ Q/^ and Br{KQ(^x)) embeds in 
Br{K) (see (2.4) (lii) and gTj/, Ch. XH, Sect. 3). Also, it follows from (2.1) 
(i), (2.4) (li), (2.6) and ^U^, Ch. H, Theorems 3 and 4, that r{p)Ka^K) > 2- 
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3 On the Brauer group of a Henselian j9-quasilocal 
field with a ^^-indivisible value group 

In this Section we prove that if [K, v) is a Hensehan p-quasilocal field satisfying 
the conditions of Theorem 1.1, and if K possesses an immediate extension in 
K{p) of degree p, then Br(_ft')j, is isomorphic to Z{p°°). 

Theorem 3.1. Under the hypotheses of Theorem 1.1, suppose that K{p) con- 
tains as a subfield an immediate extension I of K of degree p. Then K is perfect, 
v{K)/pv{K) is of order p and S7„{K) C N{I/K). 

The proof of Theorem 3.1 rehes on the following two lemmas lemma, the 
first of which has been proved in [TT] . 

Lemma 3.2. In the setting of Lemma 2.2, suppose that K is imperfect and 
Wp{K) is the set of those A G I{K{p)/K), for which [K: K] = \k: K] ^ p and 
A is purely inseparable over K . Then: 

(i) Wp{K) is infinite except, possibly, in the case where char(/'ir) = 0, v{p) ^ 
pv{K) and K does not contain a primitive p-th root of unity; 

(ii) When ch.a.r{K) = andv{p) ^ pv{K), there exists a field A' G I{K{p)/K), 
such that [A': K] =^ p and v{p) G pv{A'). 

Lemma 3.3. Let {K,v) be a Henselian p-quasilocal field with v{K) ^ pv{K). 
Then: 

(i) Br(i4r)p is divisible; 

(ii) There is at most one extension of K in K{p) of degree p, which is not 
totally ramified over K ; when such an extension exists, Br{K)p ^ {0}; 

(iii) K is perfect, provided that p = char(iir). 

Proof. When p > 2, the divisibility of Br(_ft')j, is a special case of [8^, I, Theo- 
rem 3.1 (ii), and in casep = 2, it is implied by (1.4) and the fact that Q{E{2) / E) 
is a group of order 2, for every formally real 2-quasilocal field |8], I, Lemma 3.5. 
The rest of our proof relies on the fact that if i? is a finite extension of K in 
K{p), which is not totally ramified, then v{\) G pv{K), for every A G N{R/K). 
At the same time, it follows from Galois theory and the normality of maxi- 
mal subgroups of finite p-groups (cf. [57], Ch. I, Sect. 6; Ch. VIII) that 
if i? G I{K{p)/K) and [R: K] = p, then R/K is cyclic. Since, by (1.2) (i), 
N{Ri/K)N{R2/K) = K* whenever Ri and R2 lie in I{K{p)/K), Ri ^ R2 and 
[Rj : K] — p, j — 1, 2, these observations prove the former part of Lemma 3.3 
(ii). Combined with [3T], Sect. 15.1, Proposition b, they also imply the latter 
assertion of Lemma 3.3 (ii). For the proof of Lemma 3.3 (iii), it suffices to note 
that {M,vm) satisfies the conditions of Lemma 3.3 whenever M G I{K{p)/K) 
and [M: JsT] G N (see (2.3) and [8], I, Theorem 4.1 (ii)), which reduces our con- 
cluding assertion to a consequence of Lemma 3.2 and the former part of Lemma 
3.3 (ii). □ 
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Remark 3.4. Let (K, v) be a Henselian p-quasilocal field with v{K) ^ pv{K) 
and char{K) ^ p. In view of (2.3), the former part of Lemma 3.3 (ii) can he 
restated by saying that r{p)j^ < 1. Combining (2.3) and (2.4-) (i) with Lemma 
3.3 (i) and I, Lemma 3.5, one also obtains that Q{K{p) / K) ^ Zp unless 
p (f. P{K). It is therefore clear from Lemma 3.3 (ii) and ^Sj, Lemma 1.1 (a), 
that if K does not contain a primitive p-th root of unity, then Q{K{p) / K) = 
Q{K{p)/K) and finite extensions of K in K{p) are inertial. Hence, by ISlf . 
Sect. 15.1, Proposition b (and the proof of Lemma 3.3 (ii)), pBr(iir) =p }iT{K) 
or pBt{K) is isomorphic to the direct sum pBi{K)(Bv(K)/pv{K), depending on 
whether or not r{p)f^ = 0. 

Lemma 3.5. In the setting of Lemma 3.3, suppose that c\\ai{K) = p and there 
exists a field I G I{K{p)/K), such that [I: K] = p and I/K is not totally 
ramified. Then (K, v) has the following properties: 

(i) The group v{K)/pv{K) is of order p, provided that r{p)K > 2; in partic- 
ular, this applies to the case where v{K) is Archimedean; 

(ii) A finite extension M of K in K{p) is totally ramified if and only if 
Mnl^K; ^ 

(iii) p G P{K) if o,nd only if I / K is inertial; when this holds, K{p)/K is a 
1p-extension. 

Proof. Statement (2.4) (i) and Lemma 3.3 (ii) imply the former assertion of 
Lemma 3.5 (iii) and the inequahty r{p)^ < 1. As if is a nonreal field, this in 
turn enables one to deduce the latter part of Lemma 3.3 (iii) from Galois theory 
and [47], Theorem 2. Note further that every L G I{K{p)/K), L ^ K, contains 
as a subfield a cyclic extension Lq of K of degree p. This well-known fact is 
implied by Galois theory and the subnormality of proper subgroups of finite 
p-groups. Let now r{p)K > 2 or, equivalently, there is a field T G K{p)/K), 
such that [T: K] = p and T ^ I. By (1.2) (i), then N(T/K)N{I/K) = K* , 
which implies that T/K is totally ramified. At the same time, it becomes clear 
from (2.3) that IT/T is not totally ramified. Since, by [B], I, Theorem 4.1 (u), 
T is p-quasilocal, the noted properties of T and L make it easy to prove Lemma 
3.5 (ii), arguing by induction on n — logp([M: K]). The former part of Lemma 
3.5 (i) follows from Corollary 2.7 and the assumption on I /K , and for the proof 
of the latter one, it suffices to observe that the existence of T in case v{E) < R 
is guaranteed by Lemma 2.2 (and by Proposition 2.6 and Remark 2.8). □ 

Lemma 3.6. Let {K, v) be a Henselian field with ch.a.r:{K) = p > 0, v{K) = 
pv{K) and Br(i4r)p ^ {0}. Suppose also that K is p-quasilocal and p G P{K). 
Then finite extensions of K inK{p) are defectless, Br(i4r)p C IBr^ (iiT), Br(i4r)p = 
Br(^)p and [K: K^] = p. 

Proof. Statement (2.4) (i) and the assumption that p G P{K) imply the exis- 
tence of an inertial extension Ip of K in K{p) of degree p. This ensures that 
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Vo(if) C N{Ip/K). Note further that if K is perfect, then K* = Vo{K).K*p, 
so the noted inclusion requires that N{Ip/K) = K* . As Br(i4r)p ^ {0}, this con- 
tradicts (1.2) (i) and thereby proves that K 7^ . We show that [K: K^] = p. 
By Lemma 3.2, there is a field A e I{K{p)/K), such that [A: K] = [L: K] = p 
and A is purely inseparable over K. Let (/? be a generator of ^( A/if). It is easily 
seen that if [K : Rp] > p^, then Oy{K) contains an element b, such that b ^ hP . 
Therefore, the cyclic if-algebra D}j = {A/ K, (p,b) lies in d{K) and Di,/K is a 
purely inseparable field extension of degree p"^. This leads to the conclusion that 
Ip does not embed in Dt as a -fT-subalgebra. Our conclusion, contradicts the 
assumption that K is p-quasilocal, which proves that [K : K^] — p. 

We show that Bi{K)p C lBi{K) and finite extensions of K in K{p) are de- 
fectless. Fix a generator a of Q{Ip/K) and an algebra A G <i(if) of exponent p. 
As -Ft' is p-quasilocal and, by [8 , I, Theorem 3.1, ind(A) = p, it is easily seen 
that A is isomorphic to the /C-algebra {Ip/K, a, a), for some a G K* \ N{Ip/K). 
Moreover, it follows from the equality v{K) = pv{K) that a can be chosen so 
that v{a) — 0. Hence, by the Henselian property of v and the fact that Ip/K 
is inertial, IS./K is inertial too, which proves that pQx^K) C 1Bt:{K). Applying 
(2.4) (iii) and Witt's theorem (see [12], Sect. 15, and pT|, Theorem 2.8), one ob- 
tains consecutively that Br(Ar)pnlBr(if) = Br(^)p and Bi{K)pr]lBi{K) is a di- 
visible subgroup of Br(/-i:)p. Therefore, by [17], Theorem 24.5, Br(is:)p nlBr(if) 
is a direct summand in Br(if)p, so the inclusion pBr(i^) C IBr(if ) implies that 
Br(i4r)p C IBr(A'). This indicates that the maximal subfields of {Ip/K, a, a) are 
defectless over K . As K is p-quasilocal, the obtained result proves that every 
L G I{K(p)/K) with [L: K]=p is defectless over K. Since finite extensions of 
K in K{p) are p-quasilocal, by 0, I, Theorem 4.1, this enables one to deduce 
from Galois theory and the normality of maximal subgroups of finite p-groups 
that finite extensions of K in K{p) are defectless. □ 

Lemma 3.7. Under the hypotheses of Lemma 3.5, suppose that r(p)K > 2 and 
there exists a p-indivisible group H G lSv{K). Then: 

(i) Kh is p-quasilocal and r{p)KH ^ 2. 

(ii) Ih/Kh is immediate and I/K is inertial relative to vh and vh, respec- 
tively. 

Proof. Lemma 3.5 (ii) and the inequality r{p)K > 2 ensure that v{K)/pv{K) 
is of order p. As H ^ pH , this implies that vh{K) = pvh{K). It is therefore 
clear from (2.3) that if v{p) G H, i.e. char(Ar//) = 0, then finite extensions of K 
in K{p) are inertial relative to vh, which yields Q{K{p)/K) = Q{Kh{p)/Kh) 
(cf. [H], page 135), whence r{p)x — '>'{p)kh- Suppose now that v{p) ^ pH, 
fix an element tt G My{K) so that v{tt) G H \pll, and denote by J the root 
field in Kgcp of the polynomial f{X) = — X — vr^^ over K. It is easy 
to see that J G I{K{p)/K), [J: K] — p, and J/K is inertial relative to vh 
and totally ramified relative to v. In particular, J =/= I and p G P{Kh), so it 
follows from Lemma 3.6, applied to K, vh and p, that Kh is p-quasilocal and 
Br{K)p = Bt{Kh)p ^ {0}. In view of [22], Proposition 4.4.8, this indicates that 
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r{p)KH = 00 • We show that I/K is inertial relative to vh- This has aheady 
been established in the case where v{p) S H, so we assume here that v{p) ^ H. 
It is clearly sufficient to prove that IJ/ J is inertial relative to the prolongation 
v'jj of Vh on J. This implies that each generator -0 of 0(1 /K) is uniquely 
extendable to a generator ip' of Q{IJ / J). We show that IJ / J is inertial relative 
to v'jj by proving the following statement: 

(3.1) There exists r £ Oy{I), such that vj{r — < p^^v{tt). 

Fix a root £, oi f in J, put 6* = and denote by H' the sum of H and the 
cychc group {vj{^)). It is easily verified that H' G Is„j(J), v'^j — vj_h' and 
VHiVHiTr)) = pv'u{'nH'{Q))- For convenience, we put kh = ilniK) and k'^, = 
VH'in'), for each k G Ovh{K), k' G Ot,^(J). Observing that char(iir^f) — p and 

6*^' = '^hY\u=\(^H' + u), one obtains by direct calculations that v'[j{Oh') = 
P^^vh{t^h) and v'[j{9h' — C(^H')) = {2p^^)vh{'^h), for each generator of 
GiJH'/KH). Thus it turns out that i;,7(e') =p-iw(7r), vj(6' - ((61)) = (2p-i)w(7r) 
and v,j{l — ({9)9^^) = p^^v{n), provided that ( generates Q{J/K). Hence, by 
(2.3) and the choice of tt, vj{({9)9~^ — 1) ^ pviJ)- Note also that the p- 
quasilocal property of K is preserved by J [8], I, Theorem 4.1, which ensures 
that C(A)A"i e N{IJ/J), for each A G (/J)* (see 0, Lemma 4.2). Take 
an element 6*' G IJ of norm 7V5"'(6i') = C{9)9~^ and put A' = 6*' - 1. We 
show that vij{9' — ip'{9')) < p^^v{Tr). It follows from the Hensclian property 
of V and the primality of p that vij{9' ~ ijy{9')) = vij{^P'"{9') - ^p'"' [9')), 
for ^ . Therefore, the equality Ny{9') = ({9)9-^ implies that if 
viji9' - ip'{9')) > p-if(7r), then vij{X'p) = vj{Ci9)9-^ - 1). Since I J/ J is 
immediate relative to vj, our conclusion requires that p^^v{tt) G pv{J) and 
^^(Tr) G pv{K), a contradiction proving (3.1) (and the fact that I/K is inertial 
relative to vh)- 

It remains to be seen that Ih / Ku is immediate relative to vh . Observ- 
ing that v{I) = v{K) and v{K)/II is torsion-free, one obtains that vh{Ih) = 
vh{Kh)- Since, by Lemma 3.3 (in), K is perfect, and by (2.1) (i), it is iso- 
morphic to the residue field of {Kjf, vh), this implies that Ih /Kh is immediate 
or inertial. Suppose for a moment that Ih/Kh is inertial. Then Ih/Kh pos- 
sesses a primitive element a G Oyf^^In), such that VH{d{g)) — 0, where g is the 
minimal (monic) polynomial of a over Kh, and c?(g) is the discriminant of g. 
The choice of a guarantees that g{X) G 0{,^{Kh)[X], whence g is a reduction 
modulo Mv{K) of a monic polynomial g(X) G 0^(i^)[X] (see (2.1)). Denote by 
d{g) the discriminant oi g. It is easily obtained that v{d{g)) = and the residue 
class of d{g) in Kh equals d{g). Observe also that, for each root /3 G Ov^{Ih) 
of g, there exists a root /3 G Oy{I) of g, such that $ = (3. The obtained result 
leads to the conclusion that I/K is inertial. This contradicts our assumptions 
and thereby proves that Ih/Kh is immediate relative to vh, as claimed. □ 

Remark 3.8. The assertion of Lemma 3.7 (ii) can be restated by saying that 
v{a{X) — A) > whenever A G Oy{I), and there exists an G Oy{I), v{(7{aH) — 
an) G H , where a is a generator of Q{I / K). 
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Our objective now is to prove Theorem 3.1, under the extra hypothesis that 
lSy{K) {0} and H ^ pH, for each H e lSy{K), H ^ {0}. Suppose first that 
lSv{K) does not contain a minimal element (with respect to inclusion), and fix 
an arbitrary element /3 G Vo{K). Then — 1) ^ Hp, for some Hj^ S lSv{K), so 
it follows from (2.2), (3.1) and Lemma 3.7 that /3 C N{I/K). It remains to be 
seen that Vo{K) C N{I/K), provided that Is'„(i4r) contains a minimal element 
r {0}. Applying Lemma 3.7, one sees that it suffices to consider the special 
case of v{K) = T. The minimality of F indicates that it is Archimedean, so the 
inclusion Io{K) C N{I/K) can be proved by showing that ^ s{K) C N{I/K), 
for an arbitrary (5 G F, 5 > 0. Our main step in this direction is contained in 
the following lemma. 

Lemma 3.9. Assume that (K,v), p and I satisfy the conditions of Lemma 3.5, 
v{K) is Archimedean, and L G I(K{p)/K) is a field, such that [L: K] — p 
and L ^ I . Suppose further that v{L) \ pv{L) contains an element 7 > 
satisfying the conditions 7 = vl{X) — vl{t{X)\^^ — 1) < p^^v{p), for some 
A G Ov{L), where t is a generator ofQ{IL/L). Then V^'(L) C N{IL/L) and 
V^"(if) C N{IL/K), where 7' = {2p - 2)7 and 7" = [(p^ - l)(4p - 2)]7. 

Proof. Fix an element 6' G [IL)* so that N[^{0') = t{X)X-'^, and put 7 = 
vil{t'{9') - 0'), for some r' G Q{IL/L), t ^ 1. As in the proof of (3.1), 
one obtains that if 7 > 7, then vil{X — I — {6' — 1)^) > 7, which implies 
7 — VLiX — 1) = vil{9' — ly. Since IL/L is immediate, this contradicts the 
assumption that 7 ^ pv{L) and thereby proves that 7 < 7. Applying next (2.2) 
to the minimal polynomial of A' over L, one obtains that V^'(L) C N{IL/L). 
Observe that pv{K) is a dense subgroup of R [I / K is immediate, whence v{K) 
is noncyclic, see |43], Proposition 2.2). Therefore, for each e > 0, one can find an 
element fi^ & K such that (2p — 3)7 < v{^s) < (2p — 3)7 + 6 and u(^e) G pv{K). 
Hence, by the choice of A, 7' < ^^(/XgA)) < 7' + e, vl{^^\) ^ pv{L), and 
(2p - 1)7 < vl{t'{1 + fi.X) - 1 - A*eA) < {2p - 1)7 + £, J - l,...,p- 1. 
As V^' C N{IL/L), these calculations prove the existence of an element /i' G 
Vo(/i) of norm Njj'{ij!) = 1 + /isA. Let / be the minimal polynomial of jj! 
over K. It is easily seen that / is of degree p^ . Using the above calculations, 
observing that the natural action of Q{IL/K) on L* induces on N{IL/L) a 
structure of a Z[C7(i/A')]-module, and arguing as in the proof of the inclusion 
V^' C N{IL/L), one obtains that < vil{ij-' — filJ-')) < (2p — 1)7 + £ when Lp 
runs across Q{IL/K) \ {!}. Since e can be taken smaller than any fixed positive 
number, this enables one to deduce from (2.2) that V-y" C N{IL/L), so Lemma 
3.9 is proved. □ 

It is now easy to prove Theorem 3.1 in the remaining case where v{K) < M. 
Take elements 7 G v{K) \ pv{K) and fi G K so that 7 > and v{fi) — 7. We 
prove that if 7 is sufficiently small, then the extension = L of AT in Ksep 
generated by a root of the polynomial fji{X) = — X — jl^^ satisfies the 
following conditions: 
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(3.2) L C K{p), [L: K] = p and there exists 9 £ L, such that vl{0) = 
p-^v{p) = VLim - 0) = (2p-i)7 and VLim^'^ - 1) = 

We show that one can take as 9 the inverse of some root of If char(_ft') = 
p, this is obtained by direct calculations (as in the proof of (3.1)). Suppose 
further that char(_Rr) = 0, take a primitive p-th root of unity e G i^^sep, and put 
m = [K{£): K]. It is well-known (cf. [27], Ch. VIII, Sect. 3) that K{e)/K is 
cychc and m | (p—l). Set /i = m/i, fix a generator ip of Q{K{e)/ K), and let s and 
/ be positive integers, such that Lp{e) ~ e" and p \ {si ~ 1). Denote by A' some 
extension of K(e) in i^sop obtained by adjunction of a p-th root of the element 

= nr=ro"^ + (£ ^ It is easily verified that tp{p{fi))p{fi)^'' G 

K{e)*P. Observing also that v'{p{p) - 1 - m{e - 1^^"^) > {2p)v'{e - 1) - 27, 
and that the polynomial g{X) — {X + 1)p — p(/i) is irreducible over K{e)), 
one concludes that p(/x) ^ K{e)*P. Hence, by Albert's theorem (cf. jlj, Ch. 
IX), A' = A(£), for some A G I{K{p)/K) with [A: A'] = p. Our calculations 
also show that A'/K{e) is totally ramified. Since m | (p — 1), this proves 
that A/K is totally ramified as well. Note further that when 7 is sufficiently 
small. A' /K{e) possesses a primitive element which is a root of the polynomial 
X'P — jjP^^X — . This is obtained by applying (2.2) to the polynomial 
h{X) = g{{e ~ ly^ilX) G Oy'{K{e)). Thus it becomes clear that A' /K{e) has 
a primitive element ^ satisfying /^(X). This implies that [A'(^) : if] = p, so it 
follows from the cyclicity of A' /K and Galois theory that K(£) = A = L. Using 
again (2.2), one concludes that when 7 is sufficiently small, the element 6* = 
satisfies the inequalities required by (3.2). Since p~^7 ^ pv{L), the obtained 
result and Lemma 3.9 prove Theorem 3.1. 

Let {K,v) be a Henselian field, such that char(Ar) — p > 0, and let I/K 
be a Zp-extension, such that I = K. Denote by /„ the extension of A' in / of 
degree p", and put u„ = vj^, for each n G Z, n > 0. The uniqueness, up-to an 
equivalence, of u„ implies the following inclusion, for every index n: 

(3.3) {^n{un)u-^: G /,t,V'« G g{In/K)} C Vo(/„). 

We say that / is a norm-inertial extension of A', if Vo(Ar) C N{In/K), for each 
n G N. Suppose that H ^ pH, for every H G Is^(Ar), H ^ {0}. We conclude 
this Section with the proof of the equivalence of the following statements in case 
I/K is immediate: 

(3.4) (i) I/K is norm-inertial; 

(ii) ///„ is norm-inertial, for every index n; 

(iii) For each 7 G v{K), 7 > 0, there exists fJ-nij) G Ot,(/„), such that 
fn('/5n(Ain(7)) ^ ^"(t)) < 7, for cach ipn G Q{In/K) \ {1}. 

The implication (3.4)(ii)^>(3.4) (i) is obvious and the implication (3.4) (iii) 
^(3.4) (ii) follows from (2.2), 0, II, (2.6) and (2.7), and the fact that 7J„ ^ 
pHn, for every 7J„ G Is^^(/„), and each n G N. The imphcation (3.4) (1)^^(3.4) 
(iii) can be deduced from the following result: 

(3.5) Let {K,v) be a Henselian field, L G I{K{p)/K) a cyclic extension of 
K of degree p", ij} a generator of Q{L/K), A and Aq be elements of My{L) and 
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My{K), respectively, such that v{\o) € v(K) \ pv{K) and N^{1 + A) = 1 + Aq, 
where Nj^ is the norm map. Then vl{iP^{\) — A) < i'(Ao), for j = 1, . . . — 1. 

It is easy to see that VL{ip{a) — a) < ul('0^(q;) — a), for any a G i and each 
index j, and equality holds in the case where pfj. When pf j, i.e. ip^ generates 
Q{L/K), this leads to the conclusion of (3.5). Thus our assertion is proved in 
case n = 1, so we assume further that n > 2. Let k be an integer with 1 < k < n, 

Lk the fixed field of tpp' , and A^ = -1 + Uu=o^i^ + ^"(A))- Clearly, TVf Jl + 
Afe) = 1 + Ao. Note also that (A) - A) < i;(Ao), provided (A^) - 

Afc) < v{Xq). Since -0^ is a generator of Q{L/Lk), these observations enable 
one to complete the proof of (3.5) by a standard inductive argument. 

At the same time, it is easily deduced from (2.2) (without restrictions on 
v{K)) that the fulfillment of (3.4) (iii) ensures that I/K is norm-inertial. 

4 Proof of Theorem 1.1 

Let first K be an arbitrary p-quasilocal nonreal field containing a primitive p-th 
root of unity unless char(i^) = p. Then cd{Q {K (p) / K)) < 2 and equality holds 
if and only if char(iir) ^ p and Bt{K)p ^ {0} (see [S], Proposition 5.1, and [iU] . 
Ch. I, 4.2). When K possesses a Henselian valuation v with v{K) ^ pv{K), this 
enables one to deduce from [i], (1.2), [5], Lemma 3.6, and [B], Lemma 1.1 (b) 
(an analogue to a part of the main result of [29]) that cd{Q{K{p) / K)) = r{p)K- 
At the same time, the assumptions on K , Lemma 3.3 (i) and [5|, 1, Lemma 3.5, 
indicate that if is a nonreal field. These observations, combined with ^5] . 
Lemma 7 (or [5], Corollary 5.3), prove (1.4). Using (1.4), Remark 3.4 and 
Lemma 3.3 (i), one deduces the assertion of Theorem 1.1 in the special case 
where c\ia,v{K) ^ p. 

In the rest of our proof of Theorem 1.1, we assume that {K, v) is Henselian p- 
quasilocal with v{K) ^ pv(K) and char(iir ) = p. Suppose first that char(ii') = 
and vq^j^j{K) ^ pvG{K)iK), G{K) being defined as in Section 2, and fix a 
primitive p-ih root of unity e € i^sep- Then <:h.&i{KG{K)) = 0, so it follows 
from Remark 3.4 that G{Kg{k){p)/ Kg(k)) — unless p ^ P{Kq(^k))- In 
view of Remark 2.8 and Proposition 2.6, this yields G{K) = pG{K). Hence, 
by Proposition 2.5, Kq(^k)(p) I Kg(k) is immediate relative to vg{k) unless p G 
P{K), and by (1.4) and Remark 3.4, applied to {K,vg(k))j G{K{p) / K) has the 
following properties: 

(4.1) (i) g{K{p)/K) 9^ Q{Kg[k){p)IKg[k)), provided that e i K- when this 
occurs, r{p)x < 1 and Bt{K)p is isomorphic to Bt{Kg{k))p or to a divisible 
hull oi pBt{Kg(k)) © v{K)/pv{K), depending on whether or not r{p)j( = 0; 

(ii) If £ e if and either p G P{Kg(k)) or v{K)/pv{K) is noncyclic, then 
r{p)K ~ 2, Q{K{p) / K) is a Demushkin group and Br(iir)p = Z(p°°); 

(iii) g{K{p)/K) ^ Zp, if e e if, p ^ P{Kg{k)) and v{K)/pv{K) is of order 
p\ in this case, Br(if )p ~ {0} and finite extensions of K in K{p) arc totally 
ramified. 



15 



When p S P{Kg{k)), it also becomes clear that the compositum K'^^j^-^ of 
the mertial lifts in Kgcp, relative to vg{k)j of the finite extensions of Kq(^k-) in 
Kg{k)(p)i has the following properties: 

(4.2) K'fj^^^ is a Zp-extension of K with v{K'fjf^^-^) — v{K); more precisely 
^'g(k)I is immediate relative to v unless p £ P{K). 

Statements (4.1), (4.2) and Corollary 2.7 reduce the proof of Theorem 1.1 to the 
special case where char(A') = p or char(i4r) = and the group v{K) / G{K) is 
p-divisible. Then it follows from Corollary 2.7 and Remark 2.8 that r{p)K > 2 
and v{K)/pv{K) is of order p. This, combined with (2.3), (2.4) (i) and Lemma 
3.3, proves the following assertions: 

(4.3) If d{K) contains a noncommutative defectless isT-algebra of p-primary 
index, then the compositum Up{K) of the inertial extensions of K in K{p) is a 
Zp-extension of K . In addition, every D G d{K) and each finite extension of K 
in K{p) are defectless over K . 

Note also that ^^{K) C N{U/K), for every inertial extension U/K; this is 
a well-known consequence of (2.2). When U/K is cyclic and U C K{p), this 
enables one to deduce from [21], Sect. 15.1, Proposition b, that Bt:{U/K) = 
{b G Bt{K): [U: K]b = 0} and Bt{U/K) is cyclic of order [U : K]. Thereby, 
it becomes clear that Bi{Up{K) / K) — Br(_fi')p ^ Z(p°°), which proves the 
assertion of Theorem 1.1 in the case singled out by (4.3). 

Suppose now that K has a finite extension L' in K{p) of nontrivial defect, 
choose L' to be of minimal possible degree over K, and fix a maximal subfield 
L of L' including K. Clearly, L' / L is immediate and [L' : L] — p, and by [8], 
Theorem 4.1, L is p-quasilocal. In addition, it follows from (1.1) and Lemma 3.3 
(i) that Cor^/x induces an isomorphism of Br(L)p on Bi{K)p. Observing also 
that v{K)/pv{K) ^ v{L) / pv{L) (see, e.g., [3], Remark 2.2), one concludes that 
L, vl and p satisfy the conditions of Theorem 3.1, which yields Br(/'ir)p = Z(p°°), 
as claimed. For the rest of the proof of Theorem 1.1, we need the following 
lemma. 

Lemma 4.1. In the setting of Theorem 1.1, suppose that char(_R') = p and 
there exists a finite extension of K in K{p) of nontrivial defect. Then there is 
a field I G I {K (p) / K) , such that I / K is immediate and [I : K] = p. 

Proof. In view of Galois theory and the subnormality of proper subgroups of 
finite groups, it suffices to consider the special case in which K has an extension 
M in K{p) of degree p^ and defect p. We show that there exists a field / G 
I{M/K), such that [/: K] = p and I/K is immediate. Let R be an extension 
of in M of degree p. It follows from (2.3) that v{R)/pv{R) = v{K)/pv{K), 
so we have v{R) ^ pv{R). If R/K is immediate, there is nothing to prove, 
so we assume that this is not the case. Our extra hypothesis guarantees that 
M/R is immediate, and since R is p-quasilocal ^Sj, I, Theorem 4.1 (i), one 
obtains from Lemma 3.5 (i) and (ii) that v{R)/pv{R) and v{K)/pv{K) are of 
order p, R is perfect and p ^ P{R)- Note further that, by Lemma 3.3 (ii), M 
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is the only extension of R in R{p) = K{p) of degree p, which is not totally 
ramified. Statement (2.3) and these observations indicate that p ^ P{K) and 
R/K is totally ramified. At the same time, by Theorem 3.1, Br(i?)p = Z(p°°), 
so it follows from (1.1) and Lemma 3.3 (i) that Br(X)p = Z(p°°). Using the 
normality of R/K and the equality [M : K\ = p^, one proves that M/K is 
abelian. The obtained results, combined with (1.2) (ii) and [5], Lemma 2.1, 
imply that g{M/K) = K*/N{M/K). We show that M/K is noncyclic. It 
is clear from Theorem 3.1 and the Henselian property of v that N{M/R) = 
{p € R* : vii{p) G pv{R)}. This, combined with Hilbert's Theorem 90 and 
the transitivity of norm maps in the field tower K C R C M, implies that 
N{M/K) is included in the set rjp(if) = {a € K* : v{a) G pv(K)}. Thus 
it turns out that K*p C N{M/K), whence K*/N{M/K) has exponent p. As 
g{M/K) = K*/N{M/K), it is now easy to see that g{M/K) is noncyclic. By 
Galois theory, this means that M = i?L, for some L G I(M/K) with [L: K] = p 
and L ^ R. Clearly, one may assume for the rest of the proof that L/K is totally 
ramified. By (1.2), K* = N{R/K)N(L/K), K*/N{R/K) and K*/N{L/K) are 
of order p, and N{M/K) = N{R/K) n N{L/K). As v{K)/pv{K) is of order 
p, these observations prove the existence of elements A and r of K* , such that 
^;(A) = v{r) i pv{K), A G N{L/K), r G N(R/K) and the co-sets XN{M/K) 
and rN{M/K) generate K*/N{M/K). In addition, it follows from (1.2) that 
the set {N{K'/K) : K' G I {M/K)} equals the set of subgroups of K* including 
N{M/K). Therefore, there is / G I{M/K), such that [I: K]=p and N{I/K) is 
generated by N{M/K) and A?-^^. Hence, N{I/K) = ilp{K), which means that 
I/K is not totally ramified. As M/R is immediate, this leads to the conclusion 
that I/K is also immediate, which proves Lemma 4.1. □ 

The idea of the remaining part of the proof of Theorem 1.1 is to show that if 
finite extensions of K in K{p) are defectless, then every A G d{K) is defectless 
over K. Its implementation relies on the following two lemmas. 

Lemma 4.2. Let K be ap-quasilocal field, for some p G P. Assume thatBr{K)p 
is divisible, M is an extension of K in K{p) of degree p, ^ is a generator of 
g{M/K) and d{K) contains the algebra {M/K,ip,c), for some c € K* \ M*p. 
Then [{M/K,iP,c)] = CorM/if ([(Mi/M, V^i, c)]), for some Mi G I{K{p)/M) 
with [Mi: M] —p, and some generator ipi of g{Mi/M). 

Proof. Suppose first that char(i^) = p. By the Artin-Schreier theorem (cf. [27] . 
Ch. VIII, Sect. 6), then M — K{^), where ^ is a root of the polynomial 
XP — X — a, for some a G K* . Clearly, a can be chosen so that {M/K, ip, c) is 
isomorphic to the p-symbol iiT-algebra K[a, c), in the sense of [43 . Since M/K 
is separable, there exists 77 G M of trace Ti^{ri) — c. This implies that the 
polynomial X^ —X—rj has no zero in M, whence, by the Artin-Schreier theorem, 
its root field over M is a cyclic extension of M of degree p. Since, by a known 
projection formula (see [IS], Proposition 3 (i)), Covm/kH^Iv^c)]) = [K[a,c)\, 
these observations prove Lemma 4.2 in the case of char(ii') = p. 

In the rest of the proof, we assume that c\v&t{K) = 0, e is a primitive p-th root 
of unity in A'scp, [K{£) : K] ~ m and s is an integer satisfying the equality Lp{£) = 
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where ip is a, generator of G{K{p){e)/ K{p)). Then it fohows from (1.1), 
Lemma 3.3 (i) and [8], I, Theorems 3.1 (i) and 4.1 (iii), that md{A) = md{A') 
whenever A G d(M), A' e d{K), [A] e Br(M)p and Cor m/kH^]) = [A']- When 
e ^ K, F/K is cychc of degree p, by Kummer theory, and by the assumption 
on c, 7^ M, which imphes MF/M is cychc and [MF: M] = p. Since M is 
p-quasilocal, these observations enable one to deduce the assertion of Lemma 
4.2 from Lemma 3.3. 

Suppose now that e ^ K and, for each R G I{K{p)/K), let Re ^ {r G 
i?(e)*: ip{r)r-' e R{e)*}. It follows from Albert's theorem (see [J, Ch. IX, 
Theorem 6) that M(e) is generated over K{£) by a p-th. root of some element 
^ € Kg. In addition, it becomes clear that /x can be chosen so that the symbol 
K{e)-a\gebiaAi;{fi,c;K{e)) is isomorphic to {M/K,tlj,c)'SiKK{e). Asp > 2, one 
also sees that G N{M{£)/K{e)), whence /i equals the norm N^^^^ [fiiK), for 
some /ii G Me, k, G K{e) (see |TT], Lemma 3.1). Denote by M[ the extension of 
M(e) obtained by adjunction of the p-th roots of /ii in ifgop. Since /ii ^ M(e)*P, 
Albert's theorem indicates that M[ = Mi{e), for some Mi G I{K{p)/M) 
with [Ml : M] = p. Thereby, it becomes clear that the symbol M(e)-algebra 
Ae(/xi, c; M(e)) is isomorphic to (Afi/M, V'l, c) Om M(£), for some generator 
ijji of Q{AIi/M). Applying the projection formula for symbol algebras (cf., 
e.g., Theorem 3.2), one concludes that CovM(e)/K{e){[-Ae{P'iTC]M{e))]) = 
[^^(/i, c; -fi'(e))]. Using also the iir(£)-isomorphism Ae(/i, c; ivr(e)) = {M/K,ip,c) 
®kK{£) (and the fact that m \ [p — 1)), one obtains from the RC-formula that 
Corj\///f ([Mi/Af, ^/ii, c)]) — [(Af/i^, -iAjc)], as claimed by Lemma 4.2. □ 

Lemma 4.3. Let {K,v) be a Henselian p-quasilocal field with char(X) = 0, 
char(iir) = p and v{K) ^ pv{K). Assume that finite extensions of K in K{p) 
are totally ramified, (M, c) is a pair satisfying the conditions of Lemma 4-2, and 
F is an extension of K in i^sop obtained by adjunction of a p-th root of c. Then 
the extension MF/M is totally ramified of degree p. 

Proof. We retain notation as in the proof of Lemma 4.2. In view of Kummer 
theory, there is nothing to prove in case e G if, so we assume that e ^ K. 
Then it follows from Lemma 3.3 (iii) that Re C Vo(i?(£:))i?(£)*P, for each R G 
I{K{p)/K). Applying Albert's theorem. Lemma 3.3 and |42], Theorems 2.5 and 
3.2, as in the proof of Lemma 4.2, one obtains the following result: 

(4.4) The M(£)-algebra Ae{r, c; M{e)) lies in d{M{e)) if and only if 
Ae{N^'^''\r),c;K{s)) G d{K{e)); equivalently, r G N {F M [e) / M {e)) if and only 
■^iN^l^^{r)&N{F{e)/K{e)). 

We prove that MF/M is totally ramified by assuming the opposite. In view 
of (2.3) and Lemma 3.3 (iii), this requires that MF/M is inertial or imme- 
diate, and since m \ {p — 1), MF{e)/M{e) must be subject to the same al- 
ternative. It follows from the Henselity of VK(e) that if F{e)/K{e) is inertial, 
then lQ{K{e)) C N{F{e)/K{s)). Applying now [31], Sect. 15.1, Proposition b, 
one concludes that (Mi/M,Vi,c) ^ d{K). Since {M/K,i),c) G d{K), this 
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contradicts Lemma 4.2, and thereby proves that MF{e)/M{e) is not inertial. 
The final step towards the proof of Lemma 4.3 rehes on the fact that is 
a module over the integral group ring Z[Q{M{e)/ K{e))]. In view of (4.4), 
this ensures that e{r)r^^ e N {M F (e) / M (e)) whenever 9 £ g{M{e)/K{e)) 
and r € M^. Assuming now that MF/M is immediate (or equivalently, that 
F/K is immediate), using the condition on the finite extensions of K in K{p), 
and arguing as in the proof of (3.1) and Lemma 3.9, one obtains from this re- 
sult that Vo(i^(e)) C N{F{e)/K{e)). This, however, contradicts the fact that 
{M/K, tp, c) G d{K), so Lemma 4.3 is proved. □ 

Remark 4.4. Assume that {K, v) is a Henselian field, such that char{K) = p, 
v{K) / pv{K) is of order p and finite extensions of K inK{p) are totally ramified. 
Then, by the proofs of U3j , Lemmas 2.2, 3.2 and 3.3, the assertion of Lemma 
4.3 remains valid without the assumption that K is p-quasilocal (when Kgcp is 
replaced by its algebraic closure). Hence, by the proof of 1431, Proposition 3.2, 
d{K) does not contain cyclic K-algebras of index p. This, combined with f^, 
Ch. VII, Theorem 28, implies Br{K)p = {0}. 

Let now {K, v) be a Henselian p-quasilocal with char(i4r) = and char(iir) = 
p, and suppose that p € P(,K), v{K)/pv{K) is of order p and finite extensions 
of K in K{p) are defectless. As noted at the beginning of this Section, then 
r{p)K > 2. Assume further that 'Bi{K)p ^ {0} and fix a primitive p-th root of 
unity e G ifsep- Since K is p-quasilocal, this implies the existence of a cyclic 
algebra D G d{K) of index p. As in the proofs of Lemmas 4.2 and 4.3, it is 
seen that D (Sir K{e) is ii'(e)-isomorphic to A^^a^b; K{e)), for some a € K* , 
b e Kg. In addition, it turns out that, by the proof of Albert's cyclicity criterion 
for an algebra A G d{K) of index p (see [31], Sect. 15.5, or [11], (3.3)) that if 
As{a, b] K{e)) = Ag{a; bo; K{£)), for some bo G Vo(if (e)), then there exists b'o G 
Kg, such that Ag{a,bQ; K{e)) = Ae{a,b; K{e)) and Wif(e)(6o-l) > VK(e){bo-'^)- 
Considering now A^{a, b; K{e)) as in the proof of [13], Proposition 3.3 (see also 
[39] . Ch. 2, Lemma 19), and using Lemma 4.3 and the inequality r(p)x > 2, 
one obtains the following result: 

(4.5) The if-algebra D is defectless. 

We are now in a position to complete the proof of Theorem 1.1. Statements 
(4.1), (1.4) and (4.5), combined with Lemma 3.3 (ii) and Remark 3.4, as well 
as with Remark 4.4 and the observation preceding the statement of Lemma 
4.1, prove Theorem 1.1 (iii). The conclusion of Theorem 1.1 (i) follows from 
Lemma 3.3, Remark 3.4, the comment on (4.3) and the pointed observation. 
It remains for us to prove Theorem 1.1 (ii). Suppose that {K,v) satisfies the 
conditions of Lemma 4.1. Then K has an immediate extension Ii in K(p) of 
degree p. At the same time. Lemma 3.3 (ii), combined with (2.4) (i), (4.3), 
(4.5) and Remark 4.4, indicates that (RjVr) satisfies the conditions of Lemma 
4.1 whenever R G I{K{p)/K) and [R: K] G N. Therefore, one proves without 
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difficulty by induction on n the existence of a unique sequence /„, n S N, of 
subfields of Ksop, such that h = /, /„ C /„+i, [/„+i : J„] = p, and /„+i//„ is 
immediate, for every index n. In view of Galois theory, this implies that In/K 
is cyclic and immediate with [/„ : K] — whenever n € N, and the union loc = 
U^]^/„ is the unique immediate Zp-extension of K in ifsop- This, combined 
with (4.1), (4.3) and Theorem 1.1 (iii), yields the alternative of Theorem 1.1 
(ii) in the case of char(ii') = p. Thus Theorem 1.1 is proved. 

Remark 4.5. The proof of Theorem 1.1 is considerably easier in the special 
case where Kgcp = Kip), since then K contains a primitive p-th root of unity or 
char{K) — p, which simplifies the consideration of the structure of Br{K)p ( see 
(4-1) and Remark 3.4)- In addition, when char{K) — p, (4-5) can he directly 
deduced from 14-31, Theorem 3.1. 

5 Brauer groups of Henselian PQL-fields with 
totally indivisible value groups 

The purpose of this Section is to describe the isomorphism classes of several 
major types of valued PQL-fields considered in this paper. Our first result is 
particularly useful in the case of quasilocal fields: 

Proposition 5.1. Let {K,v) he a Henselian field, such that v{K) ^ pv{K) and 
Br(X)p ^ {0}, for some p € P. Suppose further that finite extensions of K are 
p-quasilocal. Then p G P{K) and Yii{K)p ^ Z(p°°). Moreover, every D G d{K) 
of p-primary index is a cyclic K -algebra. 

Proof. Fix Sylow pro-p-subgroups Gp and Gp of Gk and Qj^, respectively, and 
denote by Kp and Kp the corresponding fixed fields. Our choice of Kp ensures 
that p'i Ik': K] whenever K' S I{Kp/K) and [K' : K] e N, so g], (1.2) and 
Remark 2.2, and the results of f3T|, Sect. 13.4, imply the following: 

(5.1) Bt{Kp/K) n Bt{K)p = {0} and the natural embedding of K into Kp 
induces a group isomorphism v{K)/pv{K) = v{Kp)/pv{Kp). 

Since Bi{K)p ^ {0} and, by |8j, I, Lemma 8.3, Kp is p-quasilocal, it can be easily 
deduced from (5.1), Lemma 3.3 (i) and Theorem 1.1 that Br{Kp) = Z{p°°) = 
Bt{K). In view of [8 , I, Theorem 3.1 (i), it remains to be seen that p G P{K). 
When p — char(iir), this follows from Lemma 2.2, so we assume further that p ^ 
ch.&T{K). As Bt{K)p 7^ {0}, Theorem 2 of [30], Sect. 4, requires the existence of 
an algebra D G d{K) of index p. Fix an element 6 G K* so that v{d) ^ pv{K) 
and denote by Lg some extension of K in i^scp generated by a p-th root of 9. 
Also, let £ G Ksc-p be a primitive p-th root of unity. Since [K{e) : K]\ [p ~ 1), 
we have D ®k K(e) G d{K{e)) and [Lg: K] = [Le{e): K{e)] = p. Observing 
also that Lg{£) is cyclic over if (e), one obtains from the p-quasilocal property of 
K{£) that Lg{£) embeds in D ®k K{e) as a if(e)-subalgebra. Thus it becomes 
clear that Lg is isomorphic to a iiT-subalgebra of D, so it follows from Albert's 
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criterion (cf. [3T], Sect. 15.5) that D is a cyclic iiT-algebra. This shows that 
p £ P{K), so Proposition 5.1 is proved. □ 



Remark 5.2. In the setting of Proposition 5.1, let v{K)/pv{K) he of order p, 
and for each finite extension L of K in Kscp, put Xp{L) = {x & Cl'- PX = 0}, 
where Cl is the continuous character group of Ql- Denote by kl the canon- 
ical pairing Xp{L) x v{K)/pv{K) — >p Br(L) (see, e.g., the proof of f^, I, 
Lemma 1.1), and by corj^jx the homomorphism of Xp{L) into Xp{K) induced 
by the corestriction map Cl Ck ■ It is clear from Proposition 5. 1 that 
maps Br{K)p surjectively upon Br{L)p, and by a well-known projection formula 
(stated in 141^ , page 205, for a proof, see, e.g., 1^6] /, Proposition 4.3.7), the 
compositions kk ° cor^/^ and Cor^/i^ o coincide. Choose as we can (by 
Remark 4-5) L so that p'\ [L: K] and there is a field II G I {L{p) / L) , such that 
[II '■ L] = P md v{Il) = v{L). Then it follows from 14^ , Theorem 3.2, and the 
noted property of p^/L that Cor^/j^ induces an isomorphism Br{L)p = Br(_fi')p. 
Fix a generator gl of Q{Il/L) and an element tt G K* so that v{t:) ^ pv{K). 
The preceding observations show that CorL/j({[lL/L,aL,'^)]) G }iT{lK / K), for 
some Ik S I{K{p) / K) with [Ik '■ K] = P o,nd v{Ik) = v{K). Hence, by Lemma 
3.3 (a), II — IkL, which yields p G P{K) independently of the proof of (4-5). 

It is known (and easy to see, e.g., from Scharlau's generaUzation of Witt's 
decomposition theorem or from [8], I, Corollary 8.5) that every divisible sub- 
group T of Q/Z is isomorphic to Bi{Kt), provided that {K,v) is a Henselian 
discrete valued field with a quasifinite residue field and Kt is the compositum 
of the inertial extensions of K in Kgcp of degrees not divisible by any p G P, 
for which Tp ^ {0}. This, combined with our next result, describes the iso- 
morphism classes of Brauer groups of Henselian quasilocal fields with totally 
indivisible value groups. 

Corollary 5.3. Let {K, v) he a Henselian quasilocal field, such that v{K) is 
totally indivisible. Then K is nonreal, K is perfect, every D G d{K) is cyclic 
and Br(if) is divisible and embeddable in Q/Z. Moreover, P{K) contains every 
p e P, for which Br{K)p ^ {0}. 

Proof. Our concluding assertion and the one concerning Br(_ftr) follow from 
Proposition 5.1. The statements that K is perfect and K is nonreal are im- 
plied by Lemma 3.3, the assumption on v{K) and [8l, I, Lemma 3.6. Note 
finally that all D G d{K) are cyclic. Since it suffices to prove this only in the 
special case where [D] G Bi{K)p, for some p G P (see [31J, Sect. 15.3), the 
assertion can be viewed as a consequence of Proposition 5.1. □ 

Corollary 5.4. Under the hypotheses of Corollary 5.3, let L/K be a finite 
abelian extension and Lq the maximal extension of K in L, for which [Lq: K] is 
not divisible by anypef with Br(K)p = {0}. Then E*/N{L/K) = g{Lo/K). 

Proof. This follows at once from (1.2) (ii), Theorem 1.1 and pi. Lemma 2.1. □ 
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Corollary 5.5. An abelian torsion group T with T2 ^ {0} is isomorphic to 
Br(/ir), for some Henselian PQL-field {K, v) such that v{K) is totally indivisible, 
if and only if T is divisible and T2 = Z{2°°). When this holds, T = Br(F), for 
some Henselian discrete valued PQL-field {F,w). 

Proof. Theorem 3.1 shows that Br{K)2 = Z{2°°) whenever {K, v) is a Henselian 
2-quasilocal field with v{K) ^ 2v{K) and Bi-{K)2 ^ {0}. This, combined with 
[7], Theorem 4.2, proves our assertion. □ 

Let T be an abelian torsion group and So{T) = {vr e P: = {0}}. Assume 
that 2 G So{T) and denote by Si{T) the set of those p e P \ 5o(r), for which 
So{T) contains the prime divisors of p — 1. Clearly, if T ^ {0}, then Si{T) 
contains the least element of P\ So{T). Using Theorem 3.1, Lemma 3.5 (i) and 
[7], Theorem 4.2, one obtains the following results: 

(5.2) (i) If T is divisible with Tp ^ Z{p°°), for every p G Si{T), then there 
exists a Henselian PQL-field {K,v), such that Bt{K) = T, v{K) is totally 
indivisible and char(i<r) — 0; 

(h) If Br(F) = T, for some Hensehan PQL-field {F,w) with w{F) totally 
indivisible, then Tp = Z{p°°) and F contains a primitive p-th root of unity, for 
each p G S'i(T), p ^ char(P); 

(iii) The group T satisfies the condition in (i) if and only if T = Br(L), for 
some Henselian real- valued PQL-field {L,u!). 

The conclusion of (5.2) (iii) is not necessarily true without the condition 
that ll>{L) < R. Indeed, let T be an abelian torsion group with T2 — {0}, 
S^{T) = Si{T) \ {tt}, for some tt G S'i(T), and S'^{T) the set of those p' G 
P \ So{T), for which the coset of tt in Z/p'Z — ¥p' has order in F*, not divisible 
by any p G P \ S'7r(T). Fix an algebraic closure Q^r of the field of 7r-adic 
numbers, and for each subset H of P, put H' = H U {tt}, H — P \ H, and 
denote by Uu the compositum of inertial extensions of Q^r in Qtt of degrees not 
divisible by any tt G H. It is well-known that C/jr/QTr is a Galois extension with 
Q{U'kI'Q.-k) isomorphic to the topological group product Hpen^p- This implies 
that U-,^{p')/Q_Tr is Galois, for each p' G P. Observing also that Q{UYi/Q.-n) 
is a projective profinite group 120] , Theorem 1, one concludes that, for each 
H C P, there exists a field Fji G /(C/n'(7r)/f/n), such that Un- -Fn = C/n'(7r) and 
Uyi' n Fyi — Uu- This observation, combined with (4.1), Proposition 2.5 and 
Theorem 1.1, enables one to obtain the following result (arguing in the spirit of 
the proof of (5.2) and Corollary 5.5): 

(5.3) T = Br{K), for some Henselian PQL-field {K,v), such that v{K) is 
totally indivisible and chaT{K) = tt, if and only if T is divisible with Tp' = 
Z(p'°°), for every p' € S'^. When T has the noted properties and ^ Z(7r°°), 
char(ii') = and G{K) — ■kG{K). Moreover {K,v) can be chosen so that 
Kg(k) — Ps„{T) ^-nd vg{k} extends the natural valuation of Q^. 

Corollary 5.5, statements (5.2) and (5.3), and the classification of divisible 
abelian groups (cf. [17], Theorem 23.1) describe the isomorphism classes of 
Brauer groups of Henselian PQL-fields with totally indivisible value groups. 
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6 Applications 



The first result of this Section together with Theorem 2.1 of [5], I, characterizes 
the quasilocal property in the class of Henselian quasilocal fields with totally 
indivisible value groups. 

Proposition 6.1. Let {K,v) be a Henselian field, such that ch.a.r{K) = q ^ 0, 
and let Kp be the fixed field of some Sylow pro-p-subgroup Gp < Gk, for each 
p G Il{K). Assume that v{K) ^ pv{K), for every p £ n(A'), and K possesses 
at least one finite extension in Kscp of nontrivial defect. Then K is quasilocal 
if and only if it satisfies the following two conditions: 

(i) K is perfect, q ^ Il{K), v{K) / qv{K) is of order q, and K^cp contains as 
a subfield a norm-inertial "Zq-extension Y of Kg, such that every finite extension 
Lq of Kq in Kscp with Lq HY = Kq is totally ramified; 

(ii) r{p)K, < 2, for each p £ Il{K) \ {q}. 

Proof The Henselian property of {K,v) ensures that K*/K*p = K*/k*P © 
v{K)/pv{K), for each p e P \ {q}. Since v{K)/pv{K) = v{Kp)/pv{Kp) and 
v{K) ^ pv{K), this enables one to deduce from (2.3) that Br(_ft'p) 7^ {0} when- 
ever r{p)Kp > 2. These observations, combined with (1.4), 45^, Lemma 7, [5], 
I, Lemma 3.8, indicate that condition (ii) holds if and only if Kp is p-quasilocal, 
for each p G ^{K) \ {q}. At the same time, it follows from (2.3) and our as- 
sumptions that there exists a finite extension of Kq in if sop of nontrivial defect. 
Suppose that Kq is quasilocal. Then (4.2), Lemma 4.1 and the preceding obser- 
vation imply the existence of an immediate Zg-extension Y of Kq in Kgcp- In 
view of Remark 4.5 and Theorem 4.1, BT{Kq) = Z(q°°), so it follows from [3T| . 
Sect. 15.1, Proposition b and the Henselian property of vk^ that Y is norm- 
inertial over Kq. Since q does not divide the degrees of the finite extensions of 
K in Kq, the fulfillment of the remaining part of condition (i) can be proved by 
applying Lemmas 3.3 and 3.5 to {Kq,VKg)- 

Our objective now is to show that Kq is g-quasilocal, provided that condition 
(i) holds. Put w — vk , denote by H the maximal g-divisible group from 
lSw{Kq), and for each n £ N, let Yn be the extension of Kq in Y of degree g". 
Since K is perfect, it follows from the assumption on Y/Kq and the choice of 
H that /X G N{Yn/Kq), for every n G N whenever G K* and vk^ (a^) G H. At 
the same time, the divisibility of H implies that every finite extension Lq of 
Kq in Kscp with Lq ClY = Kq is totally ramified relative to wh- The obtained 
results enable one to deduce from Lemma 3.2 that the residue field of {Kg, wh) 
is perfect (of characteristic q or zero). Observing also that wh{Y) = wniKg), 
one concludes that Y satisfies one of the following two conditions: 

(6.1) (i) Y equals the compositum of the inertial extensions of Kg in Kscp 
relative to wh', 

(ii) Y/Kq is norm inertial relative to wh- 

The fulfillment of (6.1) guarantees that Kq is quasilocal (see [5], I, Lemma 2.2, 
and the proof of [4], Theorem 3.1 (b) (ii)), so we assume further that Y/Kq 
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satisfies (6.1) (ii). Considering, if necessary, wh instead of w, and using the 
observations preceding the statement of (6.1), one obtains a reduction of the 
proof of the g-quasilocal property of Kq to the special case in which every 
nontrivial group from Is^iKq) is g-indi visible. We first show that gBr(ii'g) = 
Br(Yi/ Kg). Let L be a finite extension of Y in K^ep- Then it follows from 
Galois theory and the projectivity of Zg [5^, Theorem 1, that L C Y.Lg, for 
some finite extension L'g of Kg in Ksep, such that LgCiY = Kg. This implies that 
L/Y is defectless, so it follows from [33], Theorem 3.1, that every D S d{Y) 
is defectless. Observing, however, that Y is perfect, q ^ P{Y), and for each 
n G N, v{Y) /q"v{Y) is a cyclic group of order g", one concludes that md{D) 
divides the defect of D over Y. Thus it turns out that Br(y) = {0} and 
BriKg) = Bi{Y/Kg) = U^^iBr(y„/i^,). Since Y/Kg is norm-inertial, this 
enables one to deduce from (3.4), Hilbert's Theorem 90 and general properties 
of cyclic algebras (cf. [31], Corollary b) that gBT{Kq) = Bt{Yi/ Kg), as claimed. 
Let now Y' be an extension of Kg in i^scp, such that Y' ^ Yi and [Y' : Kg] = q. 
Then Y'/Kg is totally ramified. Since Kg is perfect and w{Kg) / qw{Kg) is of 
order q, this ensures that K* C Y'*p\Io{Y'). Observing also that YY' /Y' 
is norm-inertial (as follows from (3.4) and (2.3)), one concludes that K* C 
NiYiY' /Y'). In view of [31], Sect. 15.1, Proposition b, the obtained result 
implies that Bv{Yi/Kg) C Bv{Y' /Kg). As Bv{Y' /Kg) C, Bv(Kg), this proves 
that Bt{Y' / Kg) — BYiYi/ Kg) =g Br(i^), which means that Kg is g-quasilocal. 
It is now easy to deduce from [8], I, Lemma 8.3, that K is quasilocal when 
conditions (i) and (ii) hold, which completes the proof of Proposition 6.1. □ 

The following result shows that every nontrivial divisible subgroup of Q/Z 
is realizable as a Brauer group of a quasilocal field of the type characterized by 
Proposition 6.1. In view of Corollary 5.3, it clearly illustrates the fact that the 
study of Henselian quasilocal fields with totally indivisible value groups does 
not reduce to the special case covered by II, Theorem 2.1. 

Proposition 6.2. Let {'^,uj) he a Henselian discrete valued field, such that $ 
is quasifinite and char($) = q > 0, and let T be a divisible subgroup of Q/Z 
with Tg 7^ {0}. Then there exists a Henselian quasilocal field {K,v) with the 
following properties: 

(i) Bv{K) = T, K/^ is afield extension of transcendency degree 1, and v is 
a prolongation of uj; 

(ii) v{K) is Archimedean and totally indivisible, K/^ is an algebraic exten- 
sion and K possesses an immediate "Lg- extension. 

The proof of Proposition 6.2 is constructive and can be found in [5], II, Sect. 
4. Our next result gives a criterion for divisibility of value groups of Henselian 
quasilocal fields, and for defectlessness of their central division algebras. 

Proposition 6.3. Let E be a quasilocal field satisfying one of the following two 
conditions: 
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(i) Every finite group G is isomorphic to a subquotient of Qe, i-e. to a 
homomorphic image of some open subgroup Hq ofQs; 

ill) Br(i?p) ^ {0}, for each p S H{E), Ep being the fixed field of some Sylow 
pro-p- subgroup Gp of Qe; moreover, ifJiT{Ep) = Z(p°°), then 2 < r{p)Ep < oo. 

Assume that E has a Henselian valuation v. Then v{E) is divisible and, in case 
(i), every D G d{E) is inertial over E relative to v. 

Proof. For each p ^ Ep is p-quasilocal, v{Ep)/pv{Ep) = v{E)/pv{E), and 
Ep contains a primitive p-th root of unity unless p — char(£^) = p. These 
observations, combined with (1.4), imply that if v{E) ^ pv{E) andp ^ char(i?), 
then r{p)Ej, < 2. When condition (ii) holds, this contradicts Theorem 1.1, and 
thereby proves that v(E) = pv{E) in case p ^ char(£^). Suppose now that 
char(i?) = p, p e n(£^) and E satisfies condition (ii). We first show that 
fip^E = oo. Assuming the opposite, one obtains from [22 , Proposition 4.4.8, 
and d. Corollary 5.3, that c\mx{E) = 0, V,Y(Ep) ^ Z{p^) and r{p)E^ > 3. It 
is therefore clear from (4.1) that v{E)/G{E) is p-divisible, G{E) being defined 
as in Section 2. At the same time, il4.. Proposition 3.4, and the assumptions 
on r{p)Ej, require that v{Ep) ^ pv{Ep). Thus it turns out that v{E) ^ pv{E) 
and G{E) ^ pG{E), so it follows from Proposition 2.6 that G{E) is cyclic and 
v{E) is totally indivisible. The obtained contradiction proves that r{p)E^ = oo. 
Hence, by condition (ii), pBr(i?p) is noncyclic, which enables one to deduce 
from (5.2) (ii) and Theorem 1.1 that v{E) = pv{E). Thus the fulfiUment of (ii) 
guarantees that v{E) is divisible. 

We turn to the proof of the divisibility of v{E) in case (i) of Proposition 
6.3. Our assumptions indicate that, for each p G P, there are finite extensions 
Lp, L'p and Lp of E in Egcp, such that L'p and Lp are Galois over Lp with 
G{Lp/Lp) and Q{L'^/Lp) isomorphic to the alternating groups Altjp and Alt^p, 
respectively, for some integers j and k with 5 < j < k. It is clear from Galois 
theory, the choice of L'^ and Lp, and the simplicity of the groups Alt„, n > 
5, that LpLp is a Galois extension of Lp with Q{LpLp/Lp) = Altjp x Alt^p. 
Denote by Up the compositum of the inertial extensions of Lp in Egcp, and put 
Ip = UpCi L'p, Ip = UpH Lp. Note that Up/Lp is Galois and Gup is prosolvable 
(see [21], page 135, and, e.g., [5], I, page 3102), which means that Q{Lp/Ip) and 
G{Lp/Ip) are solvable groups. Therefore, the preceding observation also shows 
that L'pLp C Up. Let now Mp be the fixed field of some Sylow p-subgroup 
of G{L'pLp/Lp), and let Hp and Hp be Sylow p-subgroups of Q{L'p/Lp) and 
Q{Lp/Lp), respectively. Then L'^L'^jMp is an inertial Galois extension with 
G{L'pL'^IMp) = i?p X H'^. The obtained result indicates that r(p)jg > 2. As 

Mp is quasilocal, this yields v{Mp) = pv(Mp) (see Remark 3.4). Hence, by 
the isomorphism v{E)/pv{E) ^ v{Mp)/pv(Mp), we have v{E) — pv{E), which 
proves that v{E) is divisible, as claimed. 

It remains to be seen that the fulfillment of condition (i) of Proposition 6.3 
ensures that every D G d{E) is inertial. As v{E) is divisible, it suffices to show 
that D/E is defectless. In view of (2.3) and (1.1), one may assume, for the 
proof, that char(i?) = q > and Br{Eg) ^ {0}. As shown above, q G P{Eq) 
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and v{Eq) = qv(Eq), so Lemma 3.6 and our assumptions indicate that finite 
extensions of Eg in £^sep are defectless. It is therefore clear from (2.3) that finite 
extensions of E in E^ep have the same property, so the concluding assertion of 
Proposition 6.3 follows from [33], Theorem 3.1. □ 

Our next result characterizes p-adically closed fields in the class of Henselian 
quasilocal fields with residue fields of characteristic p; it essentially gives an 
answer to a question posed to the author by Serban Basarab. 

Proposition 6.4. For a Henselian field {K, v) with char(i4r) — p > and 
v{K) ^pv{K), the following conditions are equivalent: 

(i) {K, v) is p-adically closed; 

(ii) K is quasilocal, char(_ftr) = 0, r{p)K G N and either r{p)K > 3 or 
Q(K{p)/ K) is a free pro-p-group with r{p)ji = 2. 

Proof. Note that condition (i) of Proposition 2.6 holds when {K,v) satisfies 
condition (i) or (ii) of Proposition 6.4 (see (4.1), I45. , page 725, and |34], The- 
orem 3.1). Therefore, one may assume for the proof that char(iir) = 0, if is 
finite and the subgroup G{K) < v{K) is cyclic. This enables one to deduce from 
(1.4) and Remark 2.8 that if K is quasilocal, then vq^x){K) — v{K)/G{K) is 
divisible. In view of [31], Theorem 3.1, the obtained results prove that (ii)— >-(i). 
Assume now that {K,v) is p-adically closed. This ensures that v{K)/G{K) is 
divisible, which implies finite extensions of K in if sop are inertial relative to 
'VG{k)- Therefore, Qk — Gkg(k) (^^^ [21], page 135), so it follows from [8], I, 
Theorem 8.1, that K is quasilocal if and only if so is Kqi^j^y As K is finite 
and G{K) is cyclic, the assertion that Kq(^j(^ is quasilocal can be deduced from 
(2.1) (i). Propositions 2.1 and [5], I, Corollary 2.5. Finally, the isomorphism 
= Gkg(k)^ combined with (2.6) (ii) and [40], Ch. II, Theorems 3 and 4, 
indicates that Q{K{p)/ K) and r{p)K satisfy condition (ii), so the implication 
(i)— >(ii) and Proposition 6.4 are proved. □ 

The concluding result of this Section supplements Theorem 1.1 by showing 
that Brauer groups of quasilocal fields with Henselian valuations whose residue 
fields are separably closed and imperfect do not necessarily embed in Q/Z. In 
addition to Proposition 6.3, it simultaneously indicates that central division 
algebras over such fields are not necessarily defectless. 

Proposition 6.5. Assume that ($,w) is a Henselian field, such thatuj{<^) ~ 7L, 
4> is quasifinite and char($) = q > 0. Then there exists a Henselian field (K, v) 
with the following properties: 

(i) v{K) = Q, char(X) = q and [K : = q; 

(ii) is a pro-q-group and qBr(iv) ^ K* / K*'^ ; in particular, gBr(if) is 
infinite; 

(iii) K is quasilocal and has a unique immediate "Lq- extension loo in if sop/ 
for each finite extension L of K in ifgcp of nontrivial defect, L n ioo ^ K ; 

(iv) if/$ is a field extension of transcendency degree 1. 
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Proof. Let $ be an algebraic closure of By the proof of "S^, II, Theorem 1.2, 
there exists a field K G /(<&/$), such that ^/K is an immediate Zg-extension 
relative to Vj^; in particular, one can apply (3.4) (iii) to the fields from I{^/K) 
the conditions of [S\, II, Lemma 3.1. Put v = vj^ and let k be the residue field of 
{K,v). Denote by vx the Gauss valuation of the rational function field K{X), 
which extends v so that vx{f{X)) = 0, for each f{X) G Ov[X] \ Mij[X], and 
fix a Henselization {F,v) of {K{X),vx)- The definition of Vx shows that the 
residue class of X is transcendental over k. Let Gq be a Sylow pro-q-subgroup 
oi Qf, K the fixed field of Gq and v = wk ■ Arguing in the spirit of the proof 
of the quasilocal property of the field Kq (considered in [5], II, Sect. 4), one 
obtains first that Bt{KiK/ K) =q Bi-{K), where Ki is the extension oi K inT of 
degree q. This is used for proving that K, v and I^o = have the properties 
required by Proposition 6.5. □ 

Remark 6.6. Let Fq be a global field, wo a discrete valuation of Fq, q = 
char(Fo); F a completion of Fa with respect to luq, md w the valuation of 
F continuously extending wq. It is well-known that tr[F / Fq) is (uncountably) 
infinite. Fix a purely transcendental extension Fn of Fq in F so that tr{Fn/ Fq) = 
n > 0, n < oo, denote by <&„ the separable closure of Fn in F, and let w„ be the 
valuation of induced by w. Then u)n is discrete and Henselian and = F^. 
Therefore, one can find an extension Rn of with the properties required by 
Proposition 6.5. When n G N, our construction ensures that tr{Rn-i/ Fq) — n. 

For each m G N, the quasilocal fields n G N, in Remark 6.6 have 
infinitely many nonisomorphic algebras Dn.m € d{Rn) of index p™. By [6], 
Theorem 4.1 and Corollary 8.6, for each admissible pair (n, m), all Dn.m share, 
up-to i?„-isomorpisms, a common set of maximal subfields, and a common class 
of splitting fields algebraic over i?„. Since i?„ is of transcendency degree n + 1 
or n + 2 over its prime subfield, for each n < oo, this raises interest in the 
open problem of whether there exist finitely generated fields F which possess 
infinitely many nonisomorphic D G d{F) with some of the noted two properties 
of the algebras Dm,n (see [23], and for the case of quaternion algebras j55] . 
|18| and ^33) . Remark 5.4). The corresponding problem for arbitrary fields has 
an affirmative solution (found by Van den Bergh-Schofield [33], Sect. 3, and 
Saltman, see [IH], Sect. 5.5). In view of [8 , I, Corollary 8.5, a complete solution 
to the general problem is obtained by applying the latter assertion of (1.3) (i), 
to a field -Bo of zero characteristic and to a divisible abelian torsion group T 
with infinite components Tp, for all p G P. 
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